Using Perelman's results on Kähler Ricci flow, we prove that the K energy is bounded from below if and only if the F functional is bounded from below in the canonical Kähler class.
where ϕ t (t ∈ [0, 1]) is a path in P(M, ω) with ϕ 0 = 0 and ϕ 1 = ϕ, and R is the average of scalar curvature. Bando and Mabuchi [1] showed that if M admits a Kähler metric, then the K energy is bouned from below. Later, Tian [14] [15] proved that the existence of a Kähler Einstein metric is equivalent to the properness of the K energy in the canonical Kähler class. In fact, Tian proved that the existence of a Kähler Einstein metric is equivalent to the properness of the F functional, which was introduced by Ding-Tian [7] as follows
To prove the convergence of Kähler Ricci flow, X. X. Chen and G. Tian [5] introduced a series of energy functionals E k (k = 0, 1, · · · , n) defined by
where h ω is the Ricci potential defined by
and ϕ(t)(t ∈ [0, 1]) is a path from 0 to ϕ in P(M, ω). The most interesting one of these series is E 1 , which is the Liouville energy on Riemann surfaces. Pali [11] prove that E 1 is also bounded from below if the K energy is bounded from below. Recently, Chen-Li-Wang [4] proved the converse is also true. There are also some results on the lower bound of E k (k ≥ 2). Following a question proposed by Chen [3] , Song and Weinkove [13] proved that the existence of a Kähler Einstein metric is equivalent to the properness of E 1 in the canonical class, and they also proved that E k are bounded from below under some conditions. Recently, following suggestion of Professor Xiuxiong Chen, the author [8] 
where h ω is the Ricci potential with respect to the metric ω.
Combing with the results in [4] , we actually prove that F is bounded from below ⇐⇒ the K energy is bounded from below ⇐⇒ E 1 is bounded from below. We expect that the lower boundedness of all energy functionals E k are equivalent, and perhaps the lower boundedness implies some kind of existence of singular Kähler Einstein metrics and certain stabilities. We will explore these questions in future papers.
The idea of the proof of Theorem 1.1 is essentially due to our joint paper [4] . The key point is to estimate the difference of F and ν ω along the Kähler Ricci flow, and we find that the difference of these two functionals at infinity is a uniform constant independent of the initial metric of the flow. However, the proof needs Perelman's deep results on Kähler Ricci flow, and we hope to give a more elementary proof in the future.
Consider the solution ϕ(t) of Kähler Ricci flow,
The functionφ(t) = ϕ(t) + Ce t also satisfies the above equation for any constant C. Since
Thus we can normalize the solution ϕ(t) such that the average of ϕ(0) is any given constant. The following lemma is taken from [5] . We include a proof for completeness. 
where
Then for all time t > 0, we have
where ν ω (∞) = lim t→∞ ν ω (t).
Proof. A simple calculation yields
Since the K energy has a lower bound along the Kähler Ricci flow, we have
Now we normalize our initial value of c(t) as
From the equation for c(t), we have (e −t c(t)) ′ = −ǫ(t)e −t .
Thus, we have
Since the K energy is bounded from below, we have
Next we recall Perelman's results, which can be found in [12] [10].
Lemma 2.2. (Perelman)Choose a t by the condition
Then there is a uniform constant A independent of t such that |h t | ≤ A, |∇u| 2 (t) ≤ A, and |∆u| ≤ A.
Remark 2.3. Observe that
a t = − log 1 V M e −u ω n ϕ .
By Lemma 2.2, we have
u + log 1 V M e −u ω n ϕ ≤ A.
This result will be used in section 3.
Now we need to use the following Poincare inequality, which is proved by Tian-Zhu [16] .
Lemma 2.4. (cf. [16]) For any Kähler metric ω g and any function
where h is the Ricci potential function with respect to ω g and 
Using Jensen's inequality, we have
Thus, the K energy is bounded from below if F is bounded from below.
Assume that the K energy is bounded from below. For any metric ω ′ = ω + √ −1∂∂ϕ 0 ∈ P(M, ω), we consider the solution ϕ(t) of Kähler Ricci flow with the initial metric ω ′ :
Since F (t) = F (ϕ(t)) is decreasing along the Kähler Ricci flow (cf. [5] ), we will prove that ν ω (t) − F (t) has a uniform bound as t → ∞, and the bound is independent of the initial metric ω ′ . Thus, F is also bounded from below. Since F (t) = F (ϕ(t)) is decreasing along the Kähler Ricci flow, for any s < t we have
If we can find a sequence of metrics ϕ(t m ) such that
then we can take t = t m in (3.1), and let m → ∞,
Since the K energy is decreasing along Kähler Ricci flow, let s → ∞ we have
Then F is bounded from below. Thus, we only need to show that (3.2) holds.
Since the K energy is bounded from below, by Lemma 2.1 we can normalize the solution ϕ(t) such that c(t) > 0 for all t, and lim t→∞ c(t) = 0.
Now we want to prove 
Here we choose h t as in Lemma 2.2.
Proof. Since the K energy is bounded from below,
Here C denotes different constants. By Lemma 2.2, we have
Integrating the above inequalities, we have
where C depends on A and the lower bound of the K energy. Thus, |u| ≤ B for some constant B. The theorem is proved.
